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A THEOREM OF HEINE-STIELTJES, 

THE SCHUBERT CALCULUS, 

AND BETHE VECTORS IN THE sip GAUDIN MODEL 

1. SCHERBAK 


Abstract. Heine and Stieltjes in their studies of linear second-order differential equa¬ 
tions with polynomial coefficients having a polynomial solution of a preassigned degree, 
discovered that the roots of such a solution are the coordinates of a critical point of 
a certain remarkable symmetric function, |He| . |St|. Their result can be reformulated 
in terms of the Schubert calculus as follows: the critical points label the elements of 
the intersection of certain Schubert varieties in the Grassmannian of two-dimensional 
subspaces of the space of complex polynomials, |S1| . 

In a hundred years after the works of Heine and Stieltjes, it was established that 
the same critical points determine the Bethe vectors in the SI 2 Gaudin model. 
Recently it was proved that the Bethe vectors of the SI 2 Gaudin model form a basis of 
the subspace of singular vectors of a given weight in the tensor product of irreducible 
sl 2 -representations, m 

In the present work we generalize the result of Heine and Stieltjes to linear differential 
equations of order p > 2. The function, which determines elements in the intersection 
of corresponding Schubert varieties in the Grassmannian of p-dimensional subspaces, 
turns out to be the very function which appears in the sip Gaudin model. 

In the case when the space of states of the Gaudin model is the tensor product of 
symmetric powers of the standard slp-representation, we prove that the Bethe vectors 
form a basis of the subspace of singular vectors of a given weight. 


1. Introduction 

The theory of p-th order Fuchsian differential equations with polynomial solutions is 
closely related to the Schubert calculus in the Grassmannian of p-dimensional subspaces 
of the vector space of complex polynomials. We describe this relation, which is crucial 
in the present work, in Sec. 11.11 Then in Sec. II.21 we formulate a classical result of Heine 
and Stieltjes in terms of the Schubert calculus, as well as its strengthening obtained in 
|SVj . jSlj . This corresponds to the case p = 2. In Sec. Il.di we formulate our extension of 
the Theorem of Heine-Stieltjes to p > 2. Sec. II.41 contains an application of our result to 
the Gaudin model, and Sec. IT31 is devoted to the case of special Schubert intersections 
in which the result can be strengthened. 

1.1. Linear differential equations with polynomial solutions and the Schubert 
calculus. See jF] for the Schubert calculus and for the theory of Fuchsian equations. 
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If all solutions to a linear differential equation of order p with meromorphic coefficients 
are polynomials, then the solution space V is an element of the Grassmannian Gp(Poly^) 
of p-dimensional subspaces in the vector space Poly^^ of complex polynomials of degree 
at most d, where d is the degree of the generic solution. Conversely, any V G ^^(Poly^;) 
defines a linear differential equation Ey with the solution space V. 

For any z G C, consider the flag = {Tq{z) d Ei{z) d ■ ■ ■ d Td{z) = Poly^}, 

where JFj(z) consists of the polynomials of the form ai{x — zY~^ + ■ ■ ■ + ao(a; — zY- Define 
E,{oo) by Ei{oo) = Poly^ , 0 < i < d. 

If integers Wi,... ,Wp satisfy d+1—p>Wi>...Wp>0,'we call w = (tci,..., Wp) a 
Schubert index. For any 5 G C U cx), the Schubert cell C Gp(Poly)rf is formed by 

elements V G Gp(Poly)rf which satisfy the conditions 

dim (y n Ed-p+i-wii^)) = i ^ dim {V D Ed-p+i-wi-i{z)) = i - 1, i = l,...,p. 

The Schubert variety Dw(5) is the closure of the Schubert cell, 

fiw(5) = {V e Gp(Po\jY) I dim(I/ D Ed-p+i-wi{z)) > G * = 1, • • • • 

The complex codimension of Dw(5) in Gp(Poly^) is |w| = wi + ■ ■ ■ + Wp . The homology 
class [Dw] of Dw(5) does not depend on the choice of flag. We will denote the 
corresponding Schubert class, that is the cohomology class in iP^I'^l(Gp(Poly^)), whose 
cap product with the fundamental class of Gp(Poly^) is [D^], see jF]. 

For any 5 G C U cx) and any V G Gp(Poly£^), we have V G ^w{ 5 'V)(^) ^ 

tain Schubert index w(z;I/). Equivalently, the exponents of the equation Ey at 5 are 
Wp+i-i{z; V) + i — 1, 1 <i <p, see Sec. 12.dl 

The Wronskian of E G Gp(Poly^) is defined as a monic polynomial Wy{x) which is 
proportional to the Wronskian of some (and hence, any) basis of V. See |EGaj . jKhSoj 
for relations of the Wronskian to the Schubert calculus. Clearly Wy{x) is also the 
Wronskian of the differential equation Ey. 

If Wy{zo) Y 0; then w{zo;V) = (0, ...,0). Equivalently, any singular point of the 
equation Ey is a root of the Wronskian Wy{x). Moreover, for any singular point 5 the 
codimension of Dw( 5 ;y) (5) is exactly the multiplicity of 5 as a root of the Wronskian. The 
sum of the codimensions of the Schubert varieties corresponding to all singular points 
(including oo) equals the dimension of Gp(Poly^) (this is in fact the Fuchs theorem on 
exponents at singular points, see 0). One can see that the intersection of these varieties 
coincides with the intersection of the corresponding Schubert cells. 

1.2. Theorem of Heine—Stieltjes in terms of the Schubert calculus. In jHej . 

pp. 472-479, jBi], Heine and Stieltjes studied the following problem. 

PROBLEM Let A[x) and B{x) be given complex polynomials of degrees n and n — 1 
respectively, n > 2. To determine a polynomial C{x) of degree less than or egual to n — 2 
such that the eguation 


A{x)u"{x) + B{x)u\x) + C{x)u{x) = 0 
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has a solution which is a complex polynomial of a preassigned degree k. 

They assumed that A{x) has no multiple roots, A{x) = — Zj). Then B{x) can 

be given by B{x)/A{x) = ~ where mj and Zj are suitable complex 

numbers. In the present work we are interested in the result of Heine and Stieltjes under 
the following additional assumption, 

all numbers mi,..., are positive integers. 

In this case the theory of Fuchsian equations (IHI. Ch. 6 ) asserts that if the equation has 
a polynomial solution u{x) with no multiple roots, then all solutions to this equation 
are polynomials and u{zj) ^ 0, 1 < j < n. 

In order to formulate the result of Heine and Stieltjes in terms of the Schubert calculus, 
we call V G G' 2 (Poly^) a nondegenerate two-plane if its polynomials of the smallest degree 
do not have multiple roots. Write m = (rui,..., m„), M = mi + - ■ ■+m„, 2 ; = (zi,..., Zn) 
and 

( 1 ) = {x - zi)'^A .. {x - Zn)""", deg IT^.z = M . 

If Wv{x) = Wm,z{.x) and if V contains a polynomial of degree k, then V contains 
polynomials of degree M +1 — A; as well. Denote A(m) the discriminant of the polynomial 
u{x) and Res(M, Wm,z) the resultant of u{x) and Wm,z{,x). If u{x) is a polynomial of the 
smallest degree in a nondegenerate two-plane, then A(m) 7 ^ 0. 

Theorem A (Heine-Stieltjes) Let u{x) be an unknown polynomial of positive degree 
k < M/2. Then the critical points with non-zero critical values of the function 

^ Res(n,IF™,,) 

are in a one-to-one correspondence with the nondegenerate two-planes in the intersection 
of Schubert varieties 

Tm(^) n ■ ■ ■ n Ll(^nin,0)i.Zn) H D(Ar—2fc;0) (^) ^ ^2(PolyM-|-l—fc) i 

and determine solutions to the Problem. 

Intersections of Schubert varieties corresponding to flags were studied by 

D. Eisenbud and J. Harris. The results of [EHj say that Tm{z) is zero-dimensional 
and consists of cr(mi,o) ■ ••• ■ ^(mi.o) ' <X(M- 2 k,o) elements counted with multiplicities. 

If 2 ; is generic, then one can say more. Here and everywhere in the text, the words 
“generic z” mean that 2 does not belong to a suitable proper algebraic surface in C”'. 

Theorem B ([ST], cf- Theorem 12 of m) For generic z, the intersection T^^z) is 
transversal and consists of nondegenerate two-planes only. 

Thus the critical points of the function determine the intersection Tm{z) and 
all solutions to the Problem, for generic z. The number of these critical points was 
calculated explicitly in |SVj . Theorems 1 and 5. 
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1.3. Nondegenerate p-planes. In the present work we extend Theorems A and B 
to p > 2. Fix {w} = {w(l),... ,w(n), w(n + 1)}, the set of n + 1 Schubert indices 
w(j) = (wi(j), •. .Wp-i(j), 0 ), such that 

n 

|w(j)| = rrij ,1 < j <n, |w(n + 1)| = dimGp(PolyJ 

j=i 


Consider the intersection of Schubert varieties 


(2) n • • ■ n (zjj) n C Gp(Poly^). 


This intersection is zero-dimensional, [EH 
base point and its Wronskian is hF, 


Moreover, if F G X{w}( 2 :), then V has no 


■ m,z[x) given by (HD- 

For any V G denote V, = {Vi CV 2 C---CV^ = F} the flag obtained by 

the intersection of V and X,(oo). Denote Wi{x) the Wronskian oi Vi^ 1 < i < p. In 
particular, Wp{x) = Wm,z{.x). We say that F is a nondegenerate p-plane in if 

• for any 5 G {^i, ... ,Zn, cxd}, any 1 < ^ < p, and any !</<«, there exists a 

polynomial in F which has a root of order exactly F) — 1 at 5; 

• for any complex number t ^ {zi, ..., Zn} and any 1 < i < p — 2 such that 
Wi{t) = 0, we have lF+i(f) F 0. 


In order to write down the function whose critical points determine the nondegenerate 
p-planes in X{^^{z), introduce notions of relative discriminant and relative resultant. For 
hxed z = (zi,..., Zn), any monic polynomial P{x) can be presented in a unique way as 
the product of two monic polynomials T{x) and Z{x) which satisfy 


P{x) = T{x)Z{x), T{zj)^0, Z(x)^0 for any X F Fb 1 < J < 

Dehne the relative discriminant of P{x) with respect to z as 

A.-m = ||f|=A(r)Res2(Z,r), 

and the relative resultant of Pi{x) = Ti{x)Zi{x), i = 1,2, with respect to z as 

ResFDi,D2) = = Res(Ti,T2)Res(Ti,X2)Res(T2,Zi). 

Kes(zi, Z 2 ) 

For F G X{w}( 2 ^), take the flag F, and present the Wronskian Wi{x) of F in such a form, 

Wi{x) = Zi{x)Tp_i{x). 

If F is a nondegenerate p-plane, then the Schubert indices {w} dehne polynomials 
Zi,... Zp and the degrees ko,..., kp-i of polynomials Tq, ..., Tp_i, see Sec. 13.11 In par¬ 
ticular, Zp{x) = Wm,z{x), Zi(x) = 1, Xo(x) = 1, i.e. ko = 0. Moreover, polynomials 
Ti,... ,Tp_i do not have multiple roots and any two neighboring of them do not have 
common roots. 
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Definition The function 

(3) ${w}, 2 (Ti, ... ,Tp_i) 


Res,{WuW2)---Res,{Wp.i,Wp) 


is called the generating function of the Schubert intersection 


Theorem 1 There is a one-to-one correspondence between the critical points with 
non-zero critical values of the function ${w}, 2 (Ti,... ,Tp_i) and the nondegenerate p- 
planes in Xs^^^{z). 

The proof of Theorem 1 is given in Sec. Id.dl 


Remark For any V G Xs^^^{z), any 1 < i < p — 1, and any 5 G {zi,..., Zn, C)o}, 
there exists a basis P(^x),..., Pi{x) in Vi such that Pi{x) has a root of order at least 
Wp+i_i{z-, V) + I — 1 qX z, 1 < I < i. This means that the Wronskian Wi{x) = Wvi{x) 
is of the form Wi{x) = Zi{x)Fp_i{x), where Zi{x) is dehned by the Schubert indices as 
above and Fp-i{x) is a certain polynomial. The conditions for V to he a nondegenerate 
p-plane mean that the polynomials Fi{x), 1 < f < p — 1, are as generic as possible. 

Conjecture For generic z, the intersection Xs^^^{z) given by (j2I) is transversal and 
consists of nondegenerate p-planes only; in particular, the critical points of the function 
■ ■ ■ ,Tp_i) determine all elements of X{w}( 2 ;), for generic z. 

Plausibly, the statements ‘V G X{w}(^) is a nondegenerate p-plane” and ‘V is a 
simple point of the Scubert intersection X{w}(2:) ” are equivalent; in other words, the con¬ 
ditions of nondegenericity provide intrinsic characterization for the points of transversal 
intersection. 


We succeed to prove the Conjecture only in the case of special Schubert intersections 
using the relation to the Gaudin model; these are Theorem 2 and its Corollary formulated 
in Sec. 11.51 


1.4. Bethe vectors in the sip Gandin model. On Bethe vectors in the Gaudin model 
see [TT] . |FeFrR ej . jFrj . |ReVj . 

Consider Lie algebra sip = slp(C). Fix the tensor product L = Li Z) ■■■ Z) Ln of irre¬ 
ducible hnite-dimensional slp-representations and z = {zi,..., Zn) with pairwise distinct 
complex coordinates. The Gaudin hamiltonians associated with z and L, are defined as 
follows. 


( 4 ) 


Hi(z) = 




i = 1,.. .,n, 




where Cij : X —>■ X is a linear operator acting as the Casimir element on the factors 
Xj and Lj and as the identity on the other factors of X. The Gaudin hamiltonians 
commute, and one of the main problems in the Gaudin model is to hnd their common 
eigenvectors. This problem is solved by means of the Bethe Tnsafz which is a widely used 
method for diagonalizing of commuting hamiltonians in integrable models of statistical 
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mechanics. The idea of the Bethe Ansatz is to construct a certain function v : L 

in such a way that for some special values of the argument t = (ti,..., the values 
of the function are eigenvectors. The equations which determine these special values 
of the argument are called the Bethe equations and the corresponding vectors u(t) are 
called the Bethe vectors. The subspace of singular vectors of a given weight in L is an 
invariant subspace of the Gaudin hamiltonians. The Bethe equations in the Gaudin 
model associates with z and with this subspace provide the critical point system of a 
certain function called the master function of the model, P, IKeKrkej . jT?^ . 

It turns out that the function © written in terms of unknown roots of polynomials 
Ti,...,Tp_i is the master function of the Gaudin model associated with 2 ; and the 
subspace Singj^T{a} of singular vectors of the weight 

A(k) = Aa(i) H-h Aa(„) - hai -fep-iOp-i, k = {ki,kp_i), ki = degT^, 

in the tensor product T{a} = ra(i) 0 • • • ® ra(n) of irreducible slp-representations Ta{j) 
with integral dominant highest weights AaQ), 

(Aa(j), ai) = ai(j), ai{j) = Wi{j) - Wi+i(j), 1 < i < p - 1, 1 < j < n, 

here ai,..., ap-i are simple roots of the Lie algebra sip = slp(C) and (•, •) is the Killing 
form on the dual to the Gartan subalgebra. 

For any I < j < n, the Schubert class and the sip-module TaQ) have the same 
Young diagram, jPj. The condition that A(k) is an integral dominant weight is necessary 
for X{w}(2) might be non-empty. Under this condition, the Schubert class dual to crw(n-i-i) 
and the sip-module ra(n+i) have the same Young diagram. The relation of the Schubert 
calculus to the representation theory of the Lie algebra slp(C) implies that the dimension 
of Singi^Tja} is the intersection number of the Schubert classes (7^(1) ■ ... (7w(n) ■ o'w(n+i )5 
[F] . Theorem 1 leads to the following claim. 

Corollary from Theorem 1 For the Gaudin model, which associates with z and 
Singj^-Tja}, the number of Bethe vectors is at most dim Sing,^F{a} ■ 

Remark While the hrst version of the text was in preparation, E. Mukhin and 
A. Varchenko have posted on arXiv a preprint containing this result in a different for¬ 
mulation, see Sec. 5.6 of jMVj . 

1.5. Special Schubert intersections and the Gaudin model associated to the 
tensor product of symmetric powers of the standard slp-representation. Let 

the Schubert indices w(l),..., w(?7,) be special, 
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Denote o,...,o) the corresponding special Schubert varieties. The intersection 

given by 0 becomes 

n 

m = (mi,... ,m„), |w(n+ 1)| = diniGp(PolyJ - ^m^ , 

i=i 


which is a special Schubert intersection. 

In this case Zi{x) = 1, and hence Tp_i{x) = ITi(x) for all 1 < i < p — 1. Therefore 
the relative discriminants and resultants turn into the usual ones and the generating 
function takes the form 


( 6 ) 


^{m,w(n+l)},2:(hhl, . . . ; hhp—l) 


A{W,)■■■A{Wp_^) 

Res(lTi, IT 2 ) ■ ■ ■ Res(lTp_i, Wp) ' 


This is the master function of the Gaudin model associated to the tensor product of 
the rrij-th symmetric powers of the standard slp-representation, and the following result 
holds. 


Theorem 2 In the Gaudin model associated with the tensor product of symmetric 
powers of the standard s\p-representation, the Bethe vectors form a basis in the subspace 
of singular vectors of a given weight, for generic z = {zi ,..., z^)- 

The proof is given in Sec. 15.41 This theorem immediately implies the statement of the 
Conjecture for the special Schubert intersections. 

Corollary from Theorem 2 For generic z, the special Schubert intersection is 
transversal and consists of nondegenerate p-planes only. 

Since the intersection Fm{z) of Theorem B is special, Theorem 2 and its Corollary can 
be considered as an extension of Theorem B. 


Plan of the paper 

Sec. El is an exposition of the theory of linear differential equations with only polyno¬ 
mial solutions in terms of the Schubert calculus and Wronskians. Results of this section 
are Proposition El of Sec. 12.51 containing an upper bound for the number of the equations 
with given singular points and exponents, and Proposition E] of Sec. 12.41 which is an 
essential ingredient in the proof of Theorem 1 given in Sec. El Corollary E] of Sec. 15.41 is 
a reformulation of Theorem 1 in terms of rational curves in CP^“^. In Sec. El we collect 
necessary facts on the slp-representations and on the sip Gaudin model and deduce the 
Corollary from Theorem 1. In Sec. 14.51 we discuss the problem on the simplicity of the 
common spectrum of the Gaudin hamiltonians. Sec. Elis devoted to the case of special 
Schubert intersections. Propositions El and El of Sec. EH give an explicit form of the cor¬ 
responding differential equations. Using these propositions and relations to the Gaudin 
model, we prove Theorem 2 and deduce Corollary El on the number of the corresponding 
differential equations. 
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2. Fuchsian equations with only polynomial solutions 
AND THE Schubert calculus 

2.1. Linear differential equations with only polynomial solutions. Denote Poly 
the vector space of complex polynomials in one variable and Gp(Poly) the Grassmannian 
of p-dimensional subspaces of Poly. Fix V G Gp(Poly) and consider the linear differential 
equation Ey with meromorphic coefficients and the solution space V. This equation is 
unique, up to multiplication by a meromorphic function. Let u = u{x) be an unknown 
function. If polynomials Pi(x),... ,Pp( x) form a basis of V, then Ey can be written in 
the form 


( 7 ) 


det 


/ u(x) Ei(x) 

u'(x) Pi(a^) 

u^'P\x) pI^\x) 


P,{x) \ 

p;{x) 




= 0 . 


x) ) 


On the left hand side the Wronski determinant of functions u{x), Pi{x),..., Pp{x) stands. 

The equation Ey is Fuchsian. On Fuchsian equations see, for example, Gh. 6 of lEI 
Any solution of any Fuchsian equation at any point ^ G C has the form 


OO 

u{x) = {x - zy'^ciix - zo)\ Co 7^ 0, 
/=o 


where p is a suitable complex number called an exponent at z. A point where all 
coefficients of the equation are holomorphic is an ordinary point. At any ordinary point 
the exponents are 0,1,... ,p — 1. A non-ordinary point is called singular. 

A Fuchsian equation has an ordinary (resp., singular) point at infinity if after the 
change x = 1/^ the point = 0 becomes an ordinary (resp., singular) point of the 
transformed equation. 

For any z E C, an exponent of the equation Ey at 2 ; is a non-negative integer p = p{z) 
such that the equation has a solution of the form {x — z)Pf{x), where f{x) is a polynomial 
which does not vanish at z. An exponent at infinity is a non-positive integer —k such 
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that the equation has a polynomial solution of degree k. For any 5 G C U oo, the set of 
exponents at z consists of p pairwise distinct integers. 

Any hnite singular point of the equation Ey is a root of the Wronskian Wv{x). If 
zo £ C is a root of Wv{x) of multiplicity mo, then the sum of all exponents at zq is 
mo +p{p - l)/2. 

Assume that the generic solution to the equation Ey has degree d. This means that 
V belongs to G'p(Poly^), where Poly^ C Poly is the subspace of polynomials of degree 
at most d. In this case the degree of Wy{x) is at most p{d + 1 — p). We say that 
p{d + 1 — p) — degWy is the multiplicity of the root at oo. The sum of all exponents at 
inhnity is — deg Wy — p(p — l)/2. If the multiplicity at cxo is 0, then the equation does 
not have singularity at oo and the exponents at oo are —d + p — I, —d + p — 2,..., —d. 

Any Fuchsian differential equation of order p with only polynomial solutions is dehned 
by its solution space. For V G Gp(Poly), call the singular points of Ey the singular points 
of V and the exponents of Ey at 5 G C U cxd the exponents of V at z. 

Remark All results related to Fuchsian differential equations with only polynomial 
solutions can be reformulated for Fuchsian equations with only univalued solutions, con¬ 
sidered up to the rational changes. Indeed, consider a Fuchsian equation of order p with 
respect to unknown function u with only univalued, that is rational, solutions. The solu¬ 
tion space can be spanned by p functions of the form Pi/Q, where Pi, ... ,Pp and Q are 
polynomials. The change of dependent variable u ^ u/Q gives a new Fuchsian equation, 
and the solution space of the new equation is spanned by polynomials Pi,..., Pp. Cp. 
Sec. 1.3 of |SVj . 

2.2. Intersections of Schubert classes. (See, for example, jF].) We use notation 
of Sec. 11.11 The Grassmannian Gp(Poly^) is a smooth complex algebraic variety of 
dimension p{d + I — p), and the Schubert classes {cXw} for all possible Schubert indices 
give a basis over Z for the cohomology ring H*{Gp(Po\y^)). The product or intersection 
of two Schubert classes Uw and cxv has the form 

o-w ■ o-v = ^ G(w;v;u)au, 

u: |u| = |w|H-|v| 

where coefficients G(w;v;u) are nonnegative integers known as the Littlewood- 
Richardson coefficients. 

If the sum of codimensions of Schubert classes equals the dimension of ^^(Poly^;), then 
their intersection is an integer, identifying the generator of the top cohomology group 

. M-p) e 

with 1 G Z. This integer is called the intersection number. 
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2.3. Fuchsian equations with only polynomial solutions and Schubert inter¬ 

sections in Gp(Poly^). Fix V G G'p(Poly^) and consider the equation Ey- The degree 
of the generic solution to this equation is less than or equal to d. For any z E C, write 
the exponents in the decreasing order, d > pi(^) > ■ ■ ■ > Pp{z) > 0. Write the exponents 
at oo in the decreasing order, 0 > —di > ■ ■ ■ > —dp > —d. Dehne the Schubert index 
w(5; V) = ..., Wp{z)) ofV at z E CU oo as follows, 

(8) Wi{z) = pi{z) + i — p if z G C ; Wi{oo) = d — di + i — p, i = l,...,p. 

The theory of Fuchsian equations with only polynomial solutions of Sec. 12.11 can be 
reformulated in terms of the Schubert calculus. 

Proposition 1. Let V E Gp(Polyj;). Then 

• V E (5) n5gCuoof2Yv(z;y) ('2) j 

• z G C U OO is an ordinary point of the equation Ey if and only if 
w(z; V) = (0, ...,0); 

• for any singular point S G C U cx) of the equation Ey, the codimension |w(z; V)\ 
is the multiplicity of z as a root of the Wronskian Wy{x); 

• Esgcuoo |w(5; V)\ = dimGp(PolyJ . < 

Thus the intersection of all Schubert varieties f2w(z;y)(5) coincide with the intersection 

(9) Ty f^w(zi;V') (-^l) n • ■ ■ n (cX)) , 

where zi,... ,Zn are all hnite singular points of Ey. As it is known (jEHj), the intersection 
m is zero-dimensional and its cardinality is bounded from above by the intersection 
number of the corresponding Schubert classes, cTw(^i;y) • ••• ■ crw(z„;V) ' <^w(oo;y) • 

If V EXy., then the equations Ey and Ey/ have the same singular points and the same 
exponents at these points. We arrive at the following statement on Fuchsian equations. 

Proposition 2. For any V G Gp(Poly^), the Fuchsian differential equations of order p 
having the same singular points and the same exponents at these points as Ey are in 
a one-to-one correspondence with the elements of the Schubert intersection Xy given by 
©■ The number of such equations is finite and bounded from above by the intersection 
number of the corresponding Schubert classes. < 

2.4. Wronskians. Fix V E Gp{Fo\jf) and a basis Pfix),..., Pp{x) of V. For 1 < / < p, 
denote V(l) = Span{Pi,..., P/} and Wfix) the Wronskian of V{1), I < I < p. In 
particular, we have Wfix) = Pi(a;), V{p) = V and Wp{x) = Wy{x). For convenience, 
set Wq{x) = 1. 


A theorem of Heine-Stieltjes, the Schubert calculus, and the sip Gaudin model 


11 


Proposition 3. (lESzl, Part VII, sec. 5, Problem 62) The equation Ey can be written 
in the form 


nol ^ d Wi{x) d Wfjx) d u{x) 

^ ’ dx Wp- 2 ix)Wp{x) dx W 3 {x)Wi{x) dx W 2 {x)Wo{x) dx Wi{x) 

Corollary 1. For the equation (unD, the functions 


ui{x) 

U2{x) 

usix) 

Up{x) 

form a basis in the solution space, and the polynomial Wi is the Wronskian of 

ui,... ,Ui, 1 < i < p. < 

Proposition 4. If for some t G C and for some 1 < / < p — 1, we have Wi{t) = 0 and 
7^ 0, then IV/(t) ^ 0 and 

,,,, wi‘{t) wuit) wut) 

' ' w;{t) Wi+At) 

Proof: The equation Eyq) can be written as follows, 


= Wi{x), 


= WAx) 


= WAx) 


= IVi(x) 


W2WQ 

Wf ’ 

W2{OWo{0 

J 

miO^oiO fWAr)Ws{T) 


wm 


WKr) 


Wp 2Wp 


d Wf_Ax) d Wf{x) d u{x) _ 

dx Wi_ 2 {x)WAx) dx Wo{x)W 2 {x) dx IVi(x) ’ ’''' 

Any solution to the equation Eyq^) is clearly a solution to the equation Eyij^^i) as well. 
Proposition Q] asserts that t is an ordinary point of the equations T^\/(z±i) and a singular 
point of the equation Ey(iy Thus the set of exponents at t of the equation Ey(j_) contains 
{0, 1 ,..., 1 — 2}, is contained in the set {0, 1 ,..., /}, and differs from the set {0, 1 ,..., Z — 
1}. Hence this set is {0,1,...,/ — 2, /}, the Schubert index of V (Z) at t is w(t; V (Z)) = 
(1, 0,..., 0), |w(Z; H(Z))| = 1, and Z is a simple root of the Wronskian ITi(x). 

In order to prove the equality (HH), note that the solution of the equa¬ 

tion Eyq^i) given in Corollary ^ is a polynomial. Therefore the most interior in¬ 
tegral should be a rational function. In particular, the residue of the integrand. 
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Wi+i{x)Wi-i{x)/Wf{x), at t should be zero. We have 
Wi+,{x)Wi,{x) 


M?( 


X) 


(WVi(t) + WUi(t)(x - t) + ...) + WUt){x - t) + ...) 

(»',+,(i) + WUmx - i) + ,,,) (WUt) + - i) +...) 




X 


X 


1 , 


where dots stand for the terms containing higher degrees of {x — t). Therefore the residue 
at t is 


nf(t) 

and the statement follows. 


»f(«) 


Remark Originally, the equality m was proved by A. Gabrielov in a different, purely 
algebraic, way f |Oaj h 


3. The generating function of a Schubert intersection 

3.1. The Schubert intersection. Consider the intersection of Schubert varieties 
^{w}(2:) given by ©. For any V G all hnite singular points are { 2 : 1 ,... , 2 ;„} 

and the Wronskian is as in (HD- According to the dehnition of Schubert indices (jS}, the 
exponents pi{zj) at Zj and the exponents —di at 00 are as follows, 

(12) pi{zj) = wi{j) + p - I, di = d-wi{n + l)+l-p, 1 < / < p, 1 < j < n. 

We have 

(13) 0 < di < d2 < ■ ■ ■ < dp = d, 0 = Pp{zj) < Pp-i{zj) < ■ ■ ■ < pi{zj) < d. 

The conditions dp = 0 and Pp{zj) = 0 for 1 < j < n mean that V has no base point. 
Denote V, the flag obtained by the intersection of V and (recall that we dehne 

^■/(oo) = Poly;), 

(14) F. = { W CI /2 C ■ ■ ■ C Dp = 1/ } , dimVi = l. 

The degrees of polynomials in F are di,...,di. Denote Wi{x) the Wronskian of Vi, 
I < I < p. In particular, Wp{x) coincides with Wm,z{x) given by o. 

Dehne polynomials 

n 

Zi{x) = 1 <*<P- 1 , 

i=i 


( 15 ) 
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where 

p Y ■ — 1 ^ 

(16) mj{i) = Pi{zj)-^-^ - = Y 1 <* <P-1, 1 < j <n. 

In particular, the condition Wp{j) = 0 for 1 < j < n gives mj{l) = 0 and Zi{x) = 1. 
Lemma 1. The ratio Wi{x)/Zi{x) is a polynomial of degree 

(17) fc = p,(,,) + („= 

1=1 j=l 

i n p 

= i(d+1-p) - ^tcz(n +1) - ^ Y 1 1 < * < P - 1- 

1=1 j=l l=p-\-l—i 

Proof: For any 1 < j < n, there exists a basis in V) consisting of polynomials which 
have a root at Zj of multiplicities at least Pp{zj),...,Pp+i_i{zj). Therefore Wi{x) has 
a root at Zj of order at least mj{i). Furthermore, Vi is spanned by polynomials of 
degrees di,..., dj, therefore the degree of Wi{x) is ~ “ l)/2- Clearly kp_i = 

degWi — mi{i) — ■ ■ ■ — mn{i)- < 

Corollary 2. If the Schubert intersection X|w}(;2) is non-empty, then the numbers ki 
given by (HZD are nonnegative. 

The dehnition of a nondegenerate p-plane, see Sec. II.dl implies that if P G X{w}(^) 
is nondegenerate, and if V, is the corresponding flag dm), then Vi e Gi(Fo\jaJ, the 
exponents of V) at oo of are —di,...,—d/, and the exponents at Zj are Pp{zj) = 
0, Pp-i{zj),..., Pp+i-i{zj), for any 1 < / < p and 1 < j < n. We arrive at the fol¬ 
lowing conclusion. 

Lemma 2. Let V be a nondegenerate p-plane in Xjw}(^) and V, the flag (11411 . Then 
polynomials Tp_i{x) = WiixfjZiix), where Wfx) is the Wronskian of Vi and Zi(x) is 
defined by dini), dini), do not have multiple roots and satisfy 

Tp_i{zj)f^0, l<j<n, l<i<p-l; Tp_i(a:) = lFi(a;). 

Moreover, Tp_i[x) and Tp_i_i[x) do not have common roots for 1 < i < p — 1. < 

3.2. The generating function of X{w}( 2 ;). If P is a nondegenerate p-plane in X{w}(^), 
then Lemma 121 implies that the relative discriminant of Wfix) with respect to 2 ; is 

^z{Wi) = A{Tp_i)Res^{Zi, Tp_i), 1 < i < p - 1, 

and the relative resultant of Wfix) and Wi^fix) with respect to ^ is 

Res^(lFi, IFi+i) = Res(Tp_i, Tp_i_i)Res(Tp_i, Zi+i)Res(Tp_i_i, Zf, I <i <p - I, 
see Sec. 11.31 
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In order to re-write down the generating function dSD in terms of unknown roots 
of polynomials Ti,... ,Tp_i, recall that if P{x) = {x — ai)... {x — qa) and Q{x) = 
{x — hi).. .{x — hs), then 


A B 


Denote 


A(F)= H (a,-a,)^ Res(P, Q) = J] - 6,). 

1<^<_7<A i=l j=l 




the roots of Tj(x) and write t = , ... k = (fci,..., fcp_i). The numbers 

l<i<p — 1, are dehned in (ITl)|) . Set mj{0) = 0 and mj{p) = rrij, 
1 < J < and denote m = 1 < j < n, 0 < i < p}. We have 


(18) <I){w},2(lRi,...,lDp-i) = = 

= n 11 (T 

i=l l<l<s<ki 
p—2 hi Aij+i 

^ n n 


i=l 1=1 s=l 
p—1 n ki 


hh _ \‘^mj{p—i)—m.j(p-i—l)-mj{p—i+l) 


nnnd-^4' 

i=i j=i 1=1 

This is a rational function in ki + ■ ■ ■ + fcp_i variables. If A;* = 0 for some i, then 
corresponding terms in m are missing. 

According to (fTT)ll . we get 

(19) 2mj{i) - mj{i - 1) - mj{i + 1) = Pp+i-i{zj) - Pp-i{zj) -h 1 < 0, 
for any 1 < j < n and 1 < i < p — 1. 

The critical points with non-zero critical values are solutions to the equations 

oil 

These equations have the following form, 

9 

( 20 ) 


w_?_y ^ 

Ai) Ai) 


ki+1 


Ai) _ Ai) Ai) _ Ai-A zL^ AA _ Ai+A 

s^l ‘'l ‘'S S=1 il is <J =1 is 


E 

i=i 


2mj{p — i) — mj{p — i — 1) — mj{p — i -|- 1) 


il D 


+ 


= 0 . 
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The set of critical points is clearly invariant with respect to the group x 

■ ■ ■ X , where is the group of permutations of . For any orbit, the 

critical value is the same. 


3.3. Proof of Theorem 1. Now we are in position to establish a one-to-one correspon¬ 
dence between the orbits of critical points with non-zero critical value of the function 
given by (fTH|l and the nondegenerate p-planes in the intersection of Schubert 
varieties X{w}(x) given by Q. The indices {w} and m, k are related as in (IT?)|l and (HZl). 

Let V he a. nondegenerate p-plane in Consider the Wronskians Wi ,..., Wp-i 

corresponding to the flag V, dehned by (HI, and write the equation Ey in the form 
m- Proposition m says that the roots of polynomials Wi ,..., Wp-i which differ from 
the singular points of the equation give a solution to the system (PU|). Indeed, a direct 
calculation gives 




2mj{p — i) 

Ah _ Ah ' Ah _ „ 

s^l •'S j=l I'l 

ki±i , 






E 


^ +(*) _ +(*±1) 
1 ‘'l ‘'S 


+ E 


rrijij) — i ± 1) 


-z- 

j=i ''1 


Conversely, any critical point of *hm,k, 2 (f) with non-zero critical value dehnes poly¬ 
nomials Tp_i{x) and Wi{x) = Tp_i{x)Zi{x) with Zi{x) given by 1 < ^ < p. The 
polynomials Wi{x) determine an equation of the form m- Corollary ^ gives p lin¬ 
early independent solutions Ui,... ,Up to this equation, and Wi{x) is the Wronskian of 
Ui,... ,Up. We have to show that Spanjui,..., Up} is a nondegenerate p-plane in the 
Schubert intersection X{w}(-2) given by (j21). 

First, we check that Ui,...,Up are regular functions. For ui = Wi it is evident. 
Fixl<i<p — 1 and consider the most interior integrand in the formula for Wj+i of 
CorollarylU It is Wi-iWiJ^i/Wf (recall that we set Wo = 1). This is a rational function, 
hence it is regular at any point which differs from the roots of Wi. The roots of Wi are 
Zj and 1 < j < n, 1 < / < kp^i According to (|T^. Zj is a root of the integrand of 

multiplicity Pp_i{zj) — Pp_i+i{zj) — 1 > 0, and hence the integrand is regular at Zj for 
any I < j < n. The residue at vanishes according to Proposition 0] Therefore the 
integral has the form 


/•« hF,_i(r)hF,+i(r) 

J 



+ F{0, 
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where c is a constant nnmber and F{^) is a fnnction regnlar at Proposition |3] says 


that 


(p-i) 


is a simple root of Wi, hence the next integrand which is 






(pZiyy + FiO 


is regnlar at tf’ We conclnde that this integrand is regular at all points which differ 
from the roots of lW_i, hence we can repeat the same arguments for this integrand as 
well. In the last analysis, we get that the function Uj+i is regular, for any 1 < i < p — 1. 

Next, the exponents of the equation with the solution space Vi = Spanjui,... ,Ui} 
at Zj are exactly pi{zj), p — i + 1 < I < p, 1 < j < n, and the exponents at oo are 
—di ,..., —di, where 

pi{zj) = mj{p + l-l)-mj{p-l)+p-l, j = l,...,n. 


( 21 ) 


di kp—i 1 


l + -mj{l-l)) , l = l,...p. 

i=i 

The relations (|TB|) and (HZD assert that the exponents at the points zi,... ,Zn are non¬ 
negative integers, and the exponents at oo are non-positive integers. Hence Ui,... ,Up 
are polynomials and the solution space is a nondegenerate p-plane in < 

Corollary 3. The number of critical orbits with non-zero critical values of the function 
‘hm,k, 2 (t) given is at most the intersection number a■ ... a^(^n) ■c’'w(n+i )7 where 

{w} and m, k are related as in (HSl), (EZD- < 

3.4. Nondegenerate rational cnrves. The elements of Gp(Poly^) can be interpreted 
as equivalence classes of rational curves. More precisely, any basis Pi,..., Pp of V G 
Gp(Poly^) dehnes a rational curve of degree d in CP^“^as follows, 

7 y : CP^ ^ CPP-\ [t-.s]^ [s‘^Pi{t/s) :■■■: s‘^Pp{t/s)] , 

and any other basis dehnes an equivalent curve. The singular points and the Schubert 
indices (or, equivalently, the exponents) at these points provide the ramification data of 
the curve, see IKEEol. 

The hag (fT^ determine a set of p— 1 intermediate curves 7 v(i),..., 'jvip-i) ; the rational 
curve 7v'(p is dehned by VJ G G;(Poly(^J, 1 < / < p — 1. 

If 7 y is dehned by a nondegenerate p-plane V, then we say that it is a nondegener¬ 
ate rational curve. A nondegenerate curve with ramihcation data z and {w} can be 
characterized as follows, 

for all intermediate curves, all ramification points distinct from zi,... ,Zn are flexes. 

Theorem 1 can be reformulated in terms of rational curves. 

Corollary 4. There is a one-to-one correspondence between the critical points with non¬ 
zero critical values of the function d’jwjy given by © and the nondegenerate rational 
curves in CP^“^ with the ramification data z and {w}. < 
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Our Conjecture says that for generic z, all rational functions with prescribed ramih- 
cation data 2 ; and {w} are nondegenerate. The case p = 2 has been done in EH. 

4. Bethe vectors in the sip Gaudin model 

4.1. Subspaces of singular vectors. (See j.FH] .) Consider the Lie algebra sip = 
slp(C). Denote (•, •) the Killing form on the dual to the Cartan subalgebra, and 
cti,..., Q!p_i the simple roots. We have 

{ai,ai) = 2, {ai,ai±i) = -1, {ai,aj) = 0 for \i-j\>2. 

Take a vector a = (oi,... ,ap_i) with nonnegative integer coordinates, and denote Ta 
the irreducible representation with integral dominant highest weight Aa, 

(Aa, Oj) = tti, 1 <i <p-l. 

Consider the tensor product of n irreducible representations with integral dominant 
highest weights Aa(j), 1 < j < n, 

Tja} Tap) ® ® ra(n) , {r} • • • ) • 

Dehne the weight 

A(k) Aa(i) T ■ ■ ■ T Aa(n) k\Q.\ • • • kp_icXp_i, 

where k = (fci,..., fcp_i) is a vector with nonnegative integer coordinates. The subspace 
Singi^Tja} of singular vectors of the weight A(k) in Tja} is as follows, 

(22) Sing^Tia} = {n G T^a} | Kv = (Ak, ai)v, CiV = 0, i = 1,... ,p - 1} , 

where {cj, fi, are the standard Chevalley generators of sip , 

[hi, Ci] = 2ei , [hi, fi] = -2fi, [e^, fi] = hi ; [hi, hf = 0 , [e*, ff = 0 if i ^ j. 

We will assume A(k) to be an integral dominant weight. This means that the numbers 

n 

(23) (A(k),ai) = ^ai(j) - 2/ci + fcs, 

n 

(A(k),Q;«) = + ki-i - 2ki + ki+i, 2<l<p-2, 

n 

(A(k),cip_i) ^ ^ Qp —1 (j) T kp—2 2kp—i 
i=i 

are nonnegative integers. Denote a(n + 1) the vector with coordinates 

ai(n + 1) = (A(k),Q;F , 

and ra(n+i) the slp-representation with highest weight A(k). The dimension of SingkTja} 
is the multiplicity of ra(n+i) in the decomposition of T{a} into the direct sum of irreducible 
represent at ions. 
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4.2. The master function of the Gaudin model associated with 2 ; and Sing,^r{a}. 
The master function determines those of common eigenvectors of the Gaudin hamilto- 
nians (j^ which are singular vectors of the weight A(k) in Tja}- This is a function in 
fci + ■ ■ ■ + kp_i complex variables 


1 < * < p — 1, 1 < / < 


which has the following form (see jRe Vj i. 

p-l ki n p—1 p-2 ki fci+i 

nrind’’-%)■“*“n n (T-4vnririd‘’-*f 


i=i 1=1 j=i 


i=l l<l<s<ki 


i=l 1=1 s=l 


We see that this is the same function as in m with 


ai{j) = mj{p — i — 1) — 2mj(j) — i) + rrijij) — i + 1), 1 < i < p — 1, 1 < j < 

Consider the Schubert intersection X{w}(^) given by Q. The indices w(j), 1 < j < 11 +1, 
determine numbers ki and 'rnj{i), — in accordance with (USD and 

m- We arrive at the following result. 


Corollary 5. There is a one-to-one correspondence between the nondegenerate p-planes 
in X{w}(2;) C Gp(Poly^) and the Bethe vectors of the Gaudin model associated with z 
and Singi^Tja}, where 

aiU) = Wi{j) - Wi+i{j), l<i<p-l, l<i<n; 

i n p 

ki = i{d + l-p)-'^wi{n + l )^ wi{j), 1 < i < p - 1. < 

1=1 j=l l=p-\-l—i 


For all 1 < j < n, the Schubert class crw(p and the sip-module ra(j) correspond to the 
same Young diagram, see jPj. This diagram has p—1 rows with Wi{j) boxes in the i-th 
row, or equivalently, it has ai{j) columns of the length i. 

As one can easily check, the condition that A(k) given by (j2d|l is an integral dominant 
weight is necessary for is non-empty, see Corollary |21 

Recall that the Schubert classes and in Gp(Poly^) are dual if |w| -|- |w| = 
p{d -\- 1 — p) and the intersection number cTw ■ Uw is 1 in The 

Schubert class dual to cTw(n+i) and Pa(n-i-i) correspond to the same Young diagram, jFj. 
The relation of the Schubert calculus in to the representation theory of Lie algebra slp(C) 
implies the following fact. 

Proposition 5. |F] The multiplicity 0 /ra(n+i) Tja} is the intersection number of 
the Schubert classes cTw(i) • ••• (^^{n) ■ c’'w(n-i-i)- <1 

This Proposition and Corollary El give the Corollary from Theorem 1 of Sec. 11.41 
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4.3. Eigenvalues of Bethe vectors. Our construction provides a correspondence be¬ 
tween Bethe vectors and Fuchsian differential equations with only polynomial solu¬ 
tions. On the other hand, as it is explained in Sec. 5.4-5.8 of jEl, the eigenvalues 
/X = (/xi,... ,/i„) of any common eigenvector of the Gaudin hamiltonians (jU determine 
an slp-oper which generates trivial monodromy representation of the fundamental group 
TTo (CP^ \ {zi,... ,Zn, oo}). This oper is in fact a differential operator of the form 

with meromorphic coefficients. 

The operator corresponds to a certain Fuchsian differential equation with only 
polynomial solutions and the singular points belonging to the set {zi,... ,Zn, cxo}. More 
precisely, the link is as follows. 


Ker = 


P{x) 


{Wv{x)f^ ’ 


P{x) e V 


where E is a certain p-dimensional subspace in the vector space of complex polynomials 
such that all finite singular points of V belong to the set {zi, ..., Znj- 

In Sec. 5 of [F^ , it is proved that the existence of a common eigenvector of the Gaudin 
hamiltonians with eigenvalues /x = (/xi,... ,/x„) implies the existence of a Bethe vector 
with these eigenvalues. Presumably, the Bethe vectors of the Gaudin model span the 
relevant subspace of the singular vectors. For the case of sh, this has been proved in 
Re Vj . The simplicity of the spectrum of the Gaudin hamiltonians then can be easily 
deduced from the relation to differential equations, see [S2]. Likely, the connection 
between the Frenkel construction and the presented one implies that the Bethe vectors 
are separated by their eigenvalues. Then the simplicity of the spectrum is equivalent to 
the statement that the Bethe vectors span the subspace of singular vectors. 


5. Bethe vectors in the tensor product of symmetric powers of the 

STANDARD slp-REPRESENTATION 

5.1. Special Schubert varieties and Fuchsian equations. Gonsider the Schubert 
intersections such that the Schubert indices corresponding to all finite singular points 
are special, that is w(j) = {rrij, 0,..., 0) for certain positive integers rrij, 1 < j < n. The 
Young diagram of the special Schubert variety flmj consists of one row with rrij boxes. 

Denote d = {di,..., dp), where integers di,... ,dp satisfy 

p(p — 1) 

(24) 0 Y di <!■■■< dp—I <I dp = d, di -I- ■ ■ ■ -I- dp = m\ -I- ■ ■ ■ -I- rrin -|--^-. 

The Schubert index at infinity ^^(rx -|- 1) is dehned by d. We will denote Xs^rn,d}{z) the 
intersection © with wiiji + 1) = d — di + I — p, 1 < / < p, see (jS)). 
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Proposition 6. //P G then the equation Ey has the form 

n 

(25) ~ Zj)u^^\x) + Fi{x)u^^~^\x) + ■ ■ ■ + Fp{x)u{x) = 0, 

i=i 

where Fi{x) is a polynomial of degree at most n — i for any 1 < i < p, and 



Conversely, if mi,, mn are positive integers, if all solutions to the equation (|2SD, (|2ED 
are polynomials, and if the degrees di,... ,dp of solutions satisfy (121, then the solution 
space belongs to X{m,d}(2:). 


Proof : The decomposition of the determinant in the left hand side of m with respect 
to the hrst column gives the following form of the equation Ey, 

Wy{x)u^P\x) - W{,{x)u^P-^\x) + Fp_ 2 {x)u^P-^\x) + 

H-h F 2 {x)u\x) + Fi{x)u'{x) + Fo{x)u{x) = 0 , 

where Fq, ..., Fp _2 are suitable polynomials. We see that the multiplicities of Zj as a 
root of the coefficient at and of the coefficient at differ by 1. Furthermore, 

for any 1 < j < u we have pi{zj) = p — I, 2 < Z < p, in accordance with the dehnition 
of the Schubert index (jH)). Therefore it is enough to proof that if the equation 

x^ Fq{x)u'^^\x) + x^~^ Fi{x)u'^^~^\x) + F 2 {x)u^~‘^\x) + ■ ■ ■ + Fp{x)u{x) = 0, 

where Fo(0) ^ 0, F’i(O) ^ 0, and k > 2, has solutions of the form 

x'fi{x), fi{0)^0, i = 0,l,...,p-2, 

then ^ 2 ( 0 ) = ■ ■ ■ = Fp(0) = 0. Indeed, the substitution of u{x) = x^~‘^fp- 2 {x) into the 
equation gives ^ 2 ( 0 ) = 0 , then the substitution of u{x) = x^~‘^fp-z{x) into the equation 
leads to ^ 3 ( 0 ) = 0 and so on. Finally, the substitution of u{x) = /o(a;) gives = 0 

and finishes the proof of the first part of the Proposition. 

The second part follows from Proposition Q since the exponents of the equation (12511 . 
(El at all singular points are known. < 

As we explained in Sec. 11.51 the generating function of the intersection X{m,d}(^) has 
the form (0. According to Lemma El we have Wi{x) = Tp_i{x) for 1 < i < p — 1 . Thus 
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in terms of unknown roots of the Wronskians Wi,..., Wp-i, we get 

n ki 

(27) >I>(t) = = n 11 

J=1 1=1 

X ii n 

i=l l<l<s<ki 
p-2 ki fci+i 

n n 

i=l 1=1 

here are the roots of Wp_i{x), 1 < i < p — 1, in accordance with 

notation of Sec. o 

5.2. Subspaces of singular vectors in the tensor product of symmetric powers 
of the standard slp-representation. Denote C the standard slp-representation. Fix 
vector m = (mi,..., m„) with positive integer coordinates and set 

Lj = Sym^^X, = Li ® • • • 0 . 

With notation of Sec. 14.11 we have Lj = o,...,o)- The corresponding Young diagram 

is the same as for the special Schubert variety VLmj'-, it is a row with rrij boxes. Denote 
E = (1,0,..., 0). The weight of Lj is rrijE. For nonnegative integers fci,...,/Cp_i, 
consider the weight 

A = (mi H-h mn)E - kiai - ... fcp_iap_i, k = (/ci,..., kp-i). 

Set ko = mi + ■ ■ ■ + mn. We have 

(A, 0 ( 2 ) ki—i 2 / 1)2 T ki-i-i , 1 Y ^ Y p 2, (A, 0(p_i) kp —2 ‘2kp—i. 

Clearly A is an integral dominant weight if and only if 

ki_i + ki+i >2ki, I <i <p-2, kp_2 > 2kp_i. 

On the other hand, the relation m in our case takes the form 

di kp_i , di kp_i /i)p_|_i_2 1, lY/Yp, 

as for any 1 < j < n we have mj{i) = 0, 1 < i < p — 1. Thus A is an integral dominant 
weight if and only if d = {di,... ,dp) satishes 

Consider Singj^./l®'", the subspace of singular vectors of the weight A in The 

master function of the Gaudin model associated with and Singj^/l®™' is given by (1771) . 
If ki vanishes for some i, then the corresponding terms in $(t) are missing. 

According to Corollary El and Propositional the number of critical orbits of the func¬ 
tion <hk,m,z(t) is bounded from above by the dimension of Singj^/l®'". 


22 


I. Scherbak 


5.3. Case n = 2. In this case we can snppose ^ = (0,1), and the special Schubert 
intersection takes the form 

X{{mi,m2),d}(0, 1) = flmi(O) 011 ^ 2 ( 1 ) nflw(oo) C Gp(Polyrf) , 
w = {wi,... ,Wp), d = {di,... ,dp), Wi = d-di + l-p. 

Proposition 7. X{(mi,m2),d}(0,1) consists of a single element ifd= (0,1,... ,p —3,mi + 
m 2 — d + 2p — 3,d) and is empty otherwise. If V E X{(mi,m2),d}(0,1), then the equation 
Ey has the form 

x{x — + ((—mi — m 2 )x + mi) u^^~^\x) + 

+ {d — p + 2) (mi + m 2 + p — d — (a;) = 0. 

Proof: In our case the equation of Proposition IHl takes the form 

x{x — l)u^^\x) + ((—mi — m 2 )x + mi) u^^~^\x) + cu^^~‘^\x) = 0 , 

where c is some constant. Clearly the functions 1, x,...,x^~^ are solutions to this 
equation, i.e. di = l — 1, l<l<p — 2. The value of dp^i is dehned then by (El, 
dp-i = mi + m 2 — d + 2p — 3. We get 

w = {d + 1 — p,..., d + 1 — p, 2{d + 1 — p) — mi — m 2 , 0). 

It remains to notice that the obtained equation is the Gauss hypergeometric equation 
with respect to u^^~‘^\x), j^. Therefore c is the product of the corresponding exponents 
at inhnity, which are —dp-i + (p — 2) and —d + (p — 2). < 

Denote $°(t) the function given by with n = 2, m = {mi, m 2 ), {zi, Z 2 ) = (0,1). 

This is the master function of the Gaudin model associated with (0,1) and the subspace 
of singular vectors of the weight 

Ao = (mi + m2)E - kiai -- kp_iap-i 

in Sym™^/1 (g) Sym"^^£. The Pieri formula in this case can be formulated as follows, jPj. 

Lemma 3. The dimension of the subspace of singular vectors of the weight Aq in 
Sym™'^/! (g) Sym™'^/! is 1 if t] < ki < min{mi,m 2 } and k 2 = ■ ■ ■ = fcp-i = 0, and 0 
otherwise. < 

Proposition 8. The number of critical orbits with non-zero critical values of the func¬ 
tion <I)°(t) is 1 if the highest weight Aq enters the tensor product Sym’"^/! ® Sym^^D, 
and 0 otherwise. 

Proof: If V is an element of Gp(Poly(i) corresponding to a critical point of *h'^(t), then 
Proposition [7| asserts that one can take 1, x,... as the hrst p — 2 polynomials of 
the basis of V. Thus the Wronskians of the hrst p — 2 subspaces of P,, see m , are 

Wi{x) = ■ ■ ■ = Wp- 2 {x) = 1, i.e. k 2 = ■ ■ ■ = fcp-i = 0. 

For ^2 = ■ ■ ■ = kp_i = 0, the function <I)‘’(t) coincides with the master function of the 
SI 2 Gaudin model associated with z = (0,1) and the subspace of singular vectors of the 
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weight nil + — 2 fci > 0 in the tensor product of two irreducible sh-representations 

with highest weights mi and m 2 . Results of Sec. 9 of |ReVj say that critical points with 
non-zero critical value exist only if 0 < fci < niin{mi,m 2 }; moreover all of them are 
nondegenerate, he in the same orbit and dehne a non-zero Bethe vector. < 


Corollary 6. //X{(mi,m2),d}(0, 1) is non-empty, then it is a nondegenerate p-plane. < 

5.4. Proof of Theorem 2. We showed that the number of critical orbits with non-zero 
critical values is dimSingj^X®’" in the case m = (mi,m 2 ) and 2 ; = ( 0 , 1 ). 

Results of N. Reshetikhin and A. Varchenko (see Theorem 9.16 and Theorem 10.4 
of m\) imply that dim Singj^T®'" gives then a bound from below for the number of 
critical orbits with non-zero critical values of the function $(t) = ‘hk,m,z(f) given by (I27|l . 
for generic 2 ; = (^i,..., z„). Taking into account the Corollary from Theorem 1, we get 
that the number of these critical orbits is exactly dim Singj^T®™’. Moreover, arguments 
similar to those in the proof of Theorem 9.16 in |ReVj show that distinct orbits dehne 
distinct non-zero Bethe vectors. This hnishes the proof of Theorem 2. < 


Corollary 7. For generic z = {zi,, Zn), the number of eguations of the form (OHll . 
(| 2 ni) having polynomial solutions of degrees di,... ,dp with 0 < di <■■■< dp eguals the 
dimension of Singj^-T®™, where k = (fci,..., kp_i), 


ki — di “ 1 “ ■ ■ ■ “ 1 “ dp_i {n — 1 ) 


{p-i){p-i- 1 ) 


i = l,...,p-l. 


2 
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